Abstract. To every directed graph G one can associate a complex (G) consisting of directed subforests. This construction, suggested to us by R. Stanley, is especially important in the case of a complete double directed graph Gn, where it leads to studying some interesting representations of the symmetric group and corresponds (via Stanley-Reisner correspondence) to an interesting quotient ring.
Introduction In this paper, a directed graph G is a pair of sets (V (G); E(G)) such that E(G)
V (G) V (G) n f(x; x) j x 2 V (G)g. V (G) is called the set of vertices, E(G), the set of edges. To support the intuition, we write (x ! y) instead of (x; y) and call this an edge from x to y. A
directed graph H = (V (H); E(H)) is called a subgraph of G if V (H) V (G) and E(H) E(G). Furthermore, H is called a subgraph induced by V (H) if E(H) = E(G) \ (V (H) V (H)). For x; y 2 V (G), a directed
path from x to y is an ordered tuple ((x 1 ; x 2 ); (x 2 ; x 3 ); : : :; (x k?1 ; x k )), such that (x i ; x i+1 ) 2 E(G), for i 2 k ? 1] , and x 1 = x, x k = y.
A directed graph G is called a directed tree with root x 2 V (G) if for every y 2 V (G) there is a unique directed path from x to y. A directed graph G is called a directed forest if there exists a decomposition V (G) = ] i2I A i , (where ] means disjoint union), such that each subgraph induced by A i , for i 2 I, is a directed tree, and there are no edges between A i and A j for i 6 = j.
To any directed graph one can associate an abstract simplicial complex in the following way.
De nition 1.1. Let G be an arbitrary directed graph. Construct a simplicial complex (G) as follows: the vertices of (G) are given by the edges of G and faces are all directed forests which are subgraphs of G.
In 10] R. Stanley asked the following two questions. Question 1. Let G n be the complete directed graph on n vertices, i.e., a graph having exactly one edge in each direction between any pair of vertices, all together n(n ? 1) edges. The complex (G n ) is obviously pure, but is it shellable?
There has been a recent upsurge of activity in studying the homotopy type of simplicial complexes constructed from monotone properties of graphs: the vertices of such a complex are all possible edges of the graph and the simplices are given by 1 graphs which satisfy given monotone property, see 1, 4 In general, one may ask what are the homology groups H ( (G)) and whether they can be linked to the combinatorial invariants of the graph G in a simple way.
In this paper we answer YES to Question 1 in Theorem 3.1 and NO to Question 2 in Example 2, Section 2. Furthermore, we start the general investigation by computing the homology groups of (G) for the cases when G is essentially a tree (see De nition 4.1) and when G is a double directed cycle.
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2. The first examples and properties Our topological notations will be con ned to the following. For brevity, we write H (G) instead of H ( (G); Z). For a simplicial complex , its k-point suspension is de ned by susp k = fk distinct pointsg , where is the usual join of two simplicial complexes. In particular, susp 1 is a cone and susp 2 is a usual suspension, in the latter case we suppress 2.
We will also use the following standard fact: if is a simplicial complex and F 1 ; : : :; F t is the set of maximal simplices such that n t i=1 F i is contractible, then ' _ t i=1 S dim Fi (_ denotes the wedge of spaces and S d denotes the sphere of dimension d). In this case, we call fF 1 ; : : :; F t g a generating set for . Clearly, for a xed , there may be several generating sets, but the multiset fdimF 1 ; : : :; dimF t g is de ned uniquely by . Let be a simplicial complex, F be one of its maximal simplices andF be a subsimplex of F, such that dimF = dimF + 1 and F is the only maximal simplex which containsF. Then, removing F andF from is called an elementary collapse. Obviously, n fF; Fg is a strong deformation retract of . For further references on the topological concepts used here we refer the reader to the textbook by J. Munkres, 6] , and the thorough survey article by A. Bj orner, 3] .
Let us give a couple of examples to illustrate how irregular (G) can be.
Example 1. G such that (G) is not pure. It is not di cult to derive the simplest properties of our construction. For
. Also it is easy to characterize those graphs G for which (G) is pure of full dimension. Namely, for x 2 V (G), let S(x) = fy j (y ! x) 2 E(G)g. Then we have Proposition 2.1. Assume V (G) = n. The following are equivalent a) (G) has a maximal simplex of dimension less than n ? 1; b) there exist two disjoint subtrees T 1 and T 2 of G with roots x 1 , resp. x 2 such that S(x 1 ) V (T 1 ), S(x 2 ) V (T 2 ). In particular, the sets S(x 1 ) and S( x 2 ) are disjoint.
In other words, (G) is pure of dimension n ? 1 i b) is not true. Proof. a) ) b). Let F be a maximal simplex with fewer than n ? 1 edges.
Then F de nes a forest consisting of two or more trees. Let T 1 and T 2 be two di erent maximal subtrees of this forest with roots x 1 , resp. x 2 . If there exists y 2 S(x 1 ) n V (T 1 ), then (y ! x 1 ) F is a simplex of (G). This contradicts to the fact that F is a maximal simplex. Thus S(x 1 ) V (T 1 ) and, symmetrically, S(x 2 ) V (T 2 ).
b) ) a). Let F be an arbitrary maximal simplex of (G) such that E(T 1 ) E(T 2 ) F. Since S(x 1 ) V (T 1 ) and S(x 2 ) V (T 2 ), there are no edges in F which point to either x 1 or x 2 . This proves that jFj n ? 2.
3. Graphs with complete source A simplicial complex is called shellable if there exists an ordering F 1 ; : : :; F t of the maximal faces of , such that F i+1 \ ( i j=1 F j ) is a pure simplicial complex of dimension dimF i+1 ? 1 for all i 2 t ? 1]. Such an ordering is said to satisfy
Condition (S). Sometimes it is useful to replace Condition (S) with an equivalent
Condition (S 0 ): for 1 i < k t there exist j k and x 2 F k such that
If a simplicial complex is shellable, those simplices F i , for which
is equal to the full boundary of F i , form a generating set for . In particular, the representatives of cohomology classes are given by the cochains dual to these simplices. As mentioned above, is homotopy equivalent to a wedge of spheres indexed by such F i , and each sphere has the dimension dimF i for the corresponding i. See 2, 3] for more information on shellability.
We say that x 2 V (G) is a complete source of G if (x ! y) 2 E(G) for all y 2 V (G) n fxg. In the next theorem we answer the rst question of R. Stanley. Theorem 3.1. If the graph G has a complete source, then the complex (G) is shellable. In particular (G n ) is shellable for any n 1. More precisely, (G n ) is homotopy equivalent to a wedge of (n ? 1) n?1 spheres of dimension (n ? 2) and the representatives of the cohomology classes are labeled by the spanning directed trees having vertex 1 as a leaf.
Proof. Let G be a directed graph on n vertices labeled by the set n] and 1 be the complete source of G. Clearly every partial subforest of G can be completed to a tree: just add edges pointing from the complete source to the roots of the trees of this subforest (except for the one which contains the complete source). Thus (G) is pure. We shall now describe a labeling of the maximal faces of G.
For an edge (x ! y) we de ne (x ! y) = x. For a graph H we de ne (H) = ( 1 ; : : :; m ), where m = jE(H)j, f 1 ; : : :; m g = f (e) j e 2 E(H)g (as multisets) and 1 m . The function describes a labeling of maximal faces of (G) by sequences of n ? 1 numbers. Let us order these sequences (and hence the maximal faces) in a lexicographic order. We shall next verify that this ordering is a shelling order. Let A and B be directed trees on n vertices, such that (A) = ( 1 ; : : :; n?1 ) ( 1 ; : : :; n?1 ) = (B):
Let C be a graph de ned by V (C) = n], E(C) = E(B) \ E(A). Clearly, (C) is a substring of (A) and (B). C is a forest, denote its trees by T 1 ; : : :; T s such that It is now easy to choose representatives of cohomology classes of (G). They are labeled by maximal faces A, such that 1 = 2 (A) (the representatives themselves are functions which evaluate to 1 on such A and 0 on all other maximal faces). Furthermore, when G = G n , it is easy to enumerate all such maximal faces. Denote this number by f(n). The condition 1 = 2 (A) simply means that 1 is a leaf in A, so we can instead consider trees on n ? 1 vertices with some marked vertex. The number of such trees is clearly (n ? 1)g(n ? 1), where g(n) is the number of all rooted labeled trees on n vertices. Since it is well known that g(n) = n n?1 we conclude that f(n) = (n ? 1)g(n ? 1) = (n ? 1) n?1 .
In the last part of the proof we have reproved the combinatorial formulã ( (G n )) = (n ? 1) n?1 , cf. 7, 11].
The result of Theorem 3.1 can be reformulated in the algebraic language as follows. The natural action of the symmetric group S n on V (G n ) induces an action on (G n ) in an obvious way. This action determines a linear representation of S n on H n?2 (G n ). It would be interesting to understand the structure of this representation better, but it seems to be hard. However, R. Stanley was able to compute its character, 10]. Consider instead a slightly di erent, but better behaving action. Let us act with S n?1 on (G n ) by permuting the vertices f2; : : :; ng. It follows from the description of the cohomology classes of (G n ) that S n?1 permutes them and thus the representation of S n?1 is a permutation representation: S n?1 permutes doublerooted trees on n ? 1 vertices. Again, the structure of this representation, such as decomposition into irreducibles, is unclear.
Trees
De nition 4.1. A graph G is called essentially a tree if it turns into an undirected tree when one replaces all directed edges/pairs of directed edges going in opposite direction by an edge.
The following 3 propositions will provide us with a procedure to compute homology groups of (G) when G is essentially a tree. 
2) H t?1 (G); where the rst equality follows by a Mayer-Vietoris argument and the second equality follows from the induction assumption.
So, given any graph G, which is essentially a tree, we have recursive procedure to compute homology groups H (G). If some class of trees which behaves well under recursion is speci ed, then closed formulae can be derived if so desired. Observe, for example, that if G is a double directed tree with two leaves or more attached to the same vertex, then (G) is contractible (just apply Proposition 4.3 and then Proposition 4.2).
Another interesting speci c example is a double directed string on n+1 vertices
The complexes (L n ) and (L n ) have an alternative description.
De nition 4.5. Complex L n has n vertices indexed by the set n] and F 2 2 n] is a face of L n i it does not contain fi; i + 1g for i 2 n ? 1].
It is easy to see that (2) follows from (1) and the fact that if is a simplicial complex which is homotopy equivalent to a sphere and F is its generating simplex, then F fag is a generating simplex of fa; bg = susp . To see this, it is enough to show that fa; bg n fF fagg is contractible. Indeed, removing F and F fbg from fa; bgnfF fagg is an elementary collapse, and fa; bgnfF; F fag; F fbgg = ( nF) fa; bg, which is contractible. The veri cation of (3) if n = 3k + 1; a point; if n = 3k + 2:
5. Cycles Let n 3 and denote by C n a double directed cycle, i.e., a directed graph de ned by V (C n ) = Z n , E(C n ) = f(i ! i + 1); (i + 1 ! i) j i 2 Z n g. In this section we determine the homotopy type of (C n ).
Again we would like to formulate our complexes in a slightly di erent language.
De nition 5.1. Complex C n has n vertices indexed by the set Z n and F 2 2 Z n is a face of C n i it does not contain fi; i + 1g for i 2 Z n .
Similar to before, we have a relation (C n ) =C 2n , whereC 2n is obtained from Recall that (C n ) = C 2n n fF 1 ; F 2 g. F 1 , resp. F 2 , is the only maximal simplex which containsF 1 , resp.F 2 , hence to remove F 1 , F 2 ,F 1 , andF 2 , from C 2n means to perform two elementary collapses. LetĈ 2n = C 2n n fF 1 ; F 2 ;F 1 ;F 2 g. Let us show that the boundaries ofF 1 andF 2 can be shrunk to a point withinĈ 2n .
Simplices F 1 andF 1 lie in the subcomplex C 2n n f2ng ' L 2n?1 . We can choose (2; 5; : : :; 2n ? 2), if 2n = 3k + 1, and (2; 5; : : :; 2n ? 1), if 2n = 3k, as a generating simplex of (C 2n nf2ng)nfF 1 ;F 1 g.F 1 does not contain this generating simplex, hence its boundary can be shrunk to a point within (C 2n n f2ng) n fF 1 ;F 1 g, and hence withinĈ 2n . Analogously the boundary ofF 2 can be shrunk to a point withinĈ 2n .
Thus we obtain (C n ) ' C 2n nfF 1 ; F 2 g =Ĉ 2n fF 1 ;F 2 g 'Ĉ 2n _S n?2 _S n?2 ' C 2n _ S n?2 _ S n?2 .
Remarks and open questions
Remark. The De nition 1.1 has its dual once the word \directed" is deleted from it, that is, for any undirected graph G one can de ne~ (G) to be the simplicial complex consisting of all subforests of G. We have not pursued the analysis of these complexes in this paper, in part since topologically they give an easily understandable structure:~ (G) is shellable, since the set of all subforests of G has matroid structure, see 3]. Question 1. Determine the decomposition into irreducibles of the representations of S n and S n?1 arising from their action on (G n ) as described in Section 3. Question 2. Compute H ( (G n )=S n ; Z). 
